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Introduction



C: calculus for a logic L

C is analytic : &
Every F € L has a C-proof using only subformulas of F

decreased proof search space,

But: Usefulness of analyticity is relative to complexity of C
MELL, MTL - analytic (hyper)sequent calculus v/
— terminating proof search 7

e For more complicated C, analyticity is easier to obtain

e = Want to find the simplest C which is analytic for L.



Sequent calculus

Sequents
Al,...,An=B1,...,B, A,....,An =B
Initial sequents

A=A

Logical rules, i.e.

F:¢>AA,B:>C_> A= B

il Wl NA—B,A=C LrjAﬁB
Gerhard Gentzen
(1909-1945) Cut

rN=A AA=B
NNA=B

cut



Logics with an analytic sequent calculus:

v classical logic (propositional and first-order)

v intuitionistic logic (propositional and first-order)

v modal logics: K,S4,S5(!)

v~ basic substructural logics: FL, FLe, FLew, FLewc, FLec

and without:

X fuzzy logics: G£,P

X intermediate logics: Kripke models of bounded width /size

X various substructural logics



Hypersequent calculus

Hypersequents

Fléﬂ1|...|r,,él'ln

A
Grigori Mints Initial (hyper)sequents
(1939-2014)

A=A

External structural rules

G . G|r=n|r=n
—_—— &ew
G|I=n G|I=T

Garrell Pottinger

&c

Hyperrules, i.e.

A A G’rl,A1:>|_|1 G‘FQ,A2:>|_|2 com
rnom Avron G|T1,00 = M | T2, A1 = My
(*1952) 6




Logics with an analytic hypersequent calculus:

v fuzzy logics: G£,P
v intermediate logics: Kripke models of bounded width /size

v~ various substructural logics:

Ciabattoni, Galatos and Terui [LICS08]
Every logic of the form

FLe(wc) + A

— where A is an amenable axioms — admits an analytic (in fact,

cut-free) hypersequent calculus.

amenable = class P3/P} in the substructural hierarchy



End of Introduction



A. Ciabattoni, T. Lang and R. Ramanayake:
Bounded sequent calculi for non-classical logics via hypersequents
in TABLEAUX 2019

Guiding question:

If L has an analytic hypersequent calculus,
how far is L from being analytic in the sequent calculus?

Strategy:

e Define a notion weaker than analyticity (‘boundedness’)

proof transformation
f — bounded sequent

e cutfree hypersequent proo
proof
e Show that ‘boundedness’ is a useful property in the sequent

calculus



logic = propositional substructural/intermediate
(later: modal)

L axiomatic_e;(tension L+ A
0 I
Seq, — Seq; + (= A)

Cut is not admissible in Seq; + (= A)!
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b Seqit(may F o iff i—g';qL (A)aLs -+ (A)ar = F
for some list (A;); of A-instances

Can we predict (A;); from F?
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FSeqit(may F o iff kgqu (A)aL -+ (A)ar = F
for some list (A;); of A-instances

L+Ais ...
’variable—bounded ‘ each A; is of the form

A(g) g€ Var(F)
’formula—bounded ‘ each A; is of the form

A(F") F" € subf(F)
each A; is of the form

A(Fi*...% Fp) Fi € subf(F) and F; # F;
’ multiset-bounded ‘ each A; is of the form

A(FL*...% Fp) Fi € subf(F)

Remark: Boundedness is a property of the logic.
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Example: A= A(p), F=r—rxr

e variable-bounded instances:
A(r)
e formula-bounded instances:
S A(rxr),A(r — rxr)
e set-bounded instances:
S A(rx(r—=rxn),A(rx (rxr)), A((r=r)«(r— rxr)),
A(r«(r*r)*(r—rxr)),A0)
e multiset-bounded instances:

G A(rxrsr),A(rxrxrxr),A(rxrxrxrxr)...
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Lemma

L + A axiomatic extension, contraction admissible in L.

1. If mingle is admissible in L, then
L + A multiset-bounded << L+ A set-bounded
2. If L+ Ais set-bounded, then
L+ ASPE™ |
3. If L+ Ais formula-bounded, then
-time

L+ AP

In particular cc(L + A) < cc(L).
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LeMMA 2. Let A be a formula construcied with the propositional variables
Qg5 By onny @ty Then, A € LK if and only if

((ayv Tlay) Alayy Tlag)A ... Ala,v Ta,)) > 4 eL].

Remark that the above lemma is not necessarily the immediate conse-
quence of the fact LK = LY +av Tle, Further, we remark here that the

lamma eiwvae a doasicinn nrasadnre far TK wia T.0
from T.Hosoi: Pseudo two-valued evaluation method for
intermediate logics (1986)

= LJ + p V —p is variable-bounded

ii5)



Main result

Every amenable extension FLe(wc) + A is multiset-bounded.
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Example: monoidal t-norm logic
A, V,—,* (fusion),0,1, L, T

MTL = FLew + (p — q) V(g — p)

linearity axiom
Corresponding cutfree calculus:

G]Fl,Alﬁl'll G\Fz,A2=>I'I2

AMTL = hFLew + G |T1,Ar = M1 |, A1 =T

com
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The proof transformation (1/3)

Assume F € FLew + (p — q) V (g — p).

) Y
G|F1,A1:>I'I1 G|F2,A2:>I'I2
G | Fl,A2:>I'I1 ‘ F2,A1:>I'I2

com

= F
LEFT SPLIT

)
N> = x> G ’ M,*xA1 =T
—L

G | AN 1, A = My
e
G ’_lar17A2érll ‘ r27A1$|_|2

[xBe = 2] = F

w
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The proof transformation (2/3)

) Y
G|F1,A1:>ﬂ1 G|F2,A2:>I'I2

G ’ Fl,A2:>I'I1 ‘ F2,A1:>I'Ig

com
= F
RIGHT SPLIT

Y
Al = *x/\q G ’ rg,*Az = |_|2
—L
G | ARG >, A1 =
@
G |_lar27A1:n2 | I_1)A2:>|_|1

(B wla] -7

w
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The proof transformation (3/3)

LEFT SPLIT RIGHT SPLIT
(B2 = Ai] £ [xA1 > xBa] ~F
(B2 = xBa) V (s = #89) | -

Original hypersequent proof was cutfree, hence:

Vi

XA Al,AQ g Subf(F)

~ (xQAp — xA1) V (xA1 — xAy) is an instantiation of the
linearity axiom by fusions of subformulas of F

Iterate this!
For termination: remove all lowermost (com)'s simultaneously
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(xA) = xAD v (A1 = xAL), .. (A5 = A7)V (xA] — *A]) = F
Al C Subf(F)

Proof in hAMTL without (com) = Proof in FLew

Theorem (special case)

FLew + (p — q) V (g — p) is multiset-bounded.

The same approach works for all logics discussed in [LICS08]:

Theorem (general case)

Every amenable extension FLe(yc) + A is multiset-bounded.
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Corollaries

22



Lemma (Recall)

L + A axiomatic extension, contraction admissible in L.

1. If mingle is admissible in L, then
L + A multiset-bounded << L+ A set-bounded
2. If L+ Ais set-bounded, then
L+ ASPE™ |
3. If L+ Ais formula-bounded, then
-time

L+ AP

In particular cc(L + A) < cc(L).
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Corollary

Every amenable extension of LJ (actually: FLecm) is exp-time
reducible to LJ (FLecm), and therefore has computational
complexity < 2EXP.
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Some ongoing work. . .

e Defined a syntactic property U such that:
LJ + A set-bounded & A ¢ U — LJ 4+ A formula-bounded.

Examples:
LJ+(p—q)V(g—p) Godel logic
LI+ (—pV ——p) Jankov logic

LJ—I—po\/(po—>pl)\/...(po/\.../\pk_l—>p,,) Bwk
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e Showed that
LU+(p—qVr)V(g—=pVr)V(r—pVg)

is not variable-bounded.

Bc3
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A New Proof of an Old Result
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S5 = modal logic of reflexive, transitive and symmetric Kripke
frames

e Ohnishi and Matsumoto (1957):

MMA= A T ar = A 0OA
S5 — LK + TOA=>A ' + OFrSOADA°
e (1959): cut elimination fails in sS5

e Pottinger (1983), Avron (1996), Kurokawa (2013), ...
cut-free hypersequent systems for S5
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e Takano (1992): sS5 has the analytic cut property

= C,A NN,C=1%
LMN=AXx

cut

C € Subformula(T',IT = A, X).
e Proof by (rather intricate) proof transformations in sS5.

e Can we get Takano's result by our method?
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Kurokawa's hypersequent calculus hS5:

G|T,A= A G|Or=A

WK + GC|LOASA ' + G|OT=DA

G|OC,N=x
+ G|OC=N=%X%

Theorem (Kurokawa 2013)
hS5 is cut-free complete for S5.

30



5
G|OC,N=X

GlOC=N=x

= F

LEFT SPLIT:
Oc = OcC

Gloc=[Eg | n==x

- .

ew
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5
G|OC,N=¥

G|OC=|N=X

= F

RIGHT SPLIT:

5
(s

Gloc=|[E@n=x

Ba- -

ew
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LEFT SPLIT RIGHT SPLIT

-0 -

cut

0C is a subformula of F
= the cut is analytic

Theorem (Takano 1992, new proof)
sS5 has the analytic cut property.
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Recapitulation & Questions
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1. For many extensions FLe(yc) + A,

FLe(we) + A has a cut-free = Flggye) +Ais

hypersequent calculus multiset-bounded

2. set-boundedness allows reduction to base logic FLe(wc)
(— decidability & complexity upper bound)

85



. Can we prove other metalogical properties of FLg(yc) + A
from (multi)set-boundedness? (i.e., interpolation?)

proof complexity?
—

. cut-free hypersequents bounded sequent proofs

. Find out more on the relation between
(multiset/set/formula/variable)-boundedness
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. Can we prove other metalogical properties of FLg(yc) + A
from (multi)set-boundedness? (i.e., interpolation?)

proof complexity?
—

. cut-free hypersequents bounded sequent proofs

. Find out more on the relation between
(multiset/set/formula/variable)-boundedness

Thank your for listening!
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