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Bl (Bunched Implication) Logic
Sharing and separation of resources

Formulas given by
A = p|Tw|A*xA|AxA|L| TW|A—>A|ANA|AVA

Elementary semantics

Preordered monoid of resources (M, e, C) + forcing relation

mpEAAB < mpEAandmfEB

mEAxB <« dnn'eMnen/TmnEAandn EB
mpEA—-B <= VneM.ifmCnandnp A thenn =B
mpEA—~«B <= VneM.ifnl=Athenmen}=B
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Introduction

Label-Free Proof Systems

e Sequent Calculus LBI (D. Pym, 2002)
e Natural Deduction NBI (D. Pym, 2002)
e Display Calculus (for BBI, J. Brotherston, 2012)

Labelled Proof Systems

e Tableaux TBI (for BI, D. Galmiche and D. Mery, 2005)
e Tableaux (for BBI, D. Larchey, 2014)
e Sequent Calculus (for BBI, Z. Hou, A. Tiu and R. Goré, 2013)
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Disjunction and Completeness
e Beth: m = AVBIiff 3In,n/.nMn’ Cm,n= Aandn' =B
o Kripke: m=AVBiffmjE=AormE=B

completeness wrt LBI known for relational models
still unknown for monoidal models
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Introduction

Sequents
I'HA with I abunch, A aformula
Bunches
r .= g, | e, | A|I;l|T,T
., (A—=B;C;(A,BAC,a,))
I'NAFB I'«sAFB
'-A - B 'FA =B
Question

How does LBI relates to labelled calculi ?
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Contributions

e An alternative resource semantics

e GBI, a new labelled sequent calculus

e Translation of LBI-proofs into GBI-proofs

e not a one-to-one correspondence
e additional structural steps

e Translation of GBIl-proofs into LBI-proofs

e restriction of GBI to one single conclusion
e GBl-proofs satisfying a tree property



The Logic Bl



Bl logic



Bl logic

Formulas
A = p|Wm|A+A|AxA|L| TW|A—-A|AANA|JAVA



Bl logic

Formulas
A = p|Wm|A+A|AxA|L| TW|A—-A|AANA|JAVA

Sequents
I'HA T abunch, A aformula



Bl logic

Formulas
A = p|Wm|A+A|AxA|L| TW|A—-A|AANA|JAVA

Sequents
I'HA T abunch, A aformula

Bunches



Bl logic

Formulas
A = p|Wm|A+A|AxA|L| TW|A—-A|AANA|JAVA
Sequents
I'HA T abunch, A aformula
Bunches

r .= g, | @. | A|I;|T,T



Bl logic

Formulas
A = p|Wm|A+A|AxA|L| TW|A—-A|AANA|JAVA
Sequents
I'HA T abunch, A aformula
Bunches

r .= g, | @. | A|I;|T,T

rA) <= Ais asub-tree of I'



Bl logic

Formulas
A = p|Wm|A+A|AxA|L| TW|A—-A|AANA|JAVA
Sequents
I'HA T abunch, A aformula
Bunches

r .= g, | @. | A|I;|T,T
rA) <= Ais asub-tree of I'

I'=A <= T equal to A upto

associativity and commutativity of ; and
identity of @, wrt “;" and &, wrt “,"
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LBI Sequent Calculus

Structural Equivalence

e Commutativity, Associativity, Identity wrt. Units

T(Ar;Ag) b T(Ar,As) F A
T(Ag; AN FA T(As,A)FA

IP((A1;A2);A3)F A A I((A1,A2),A3) - A A

T(Ag;(A1;A3)FA T(Asz,(Ar, A3 FA

ra)FA T(A) - A
(@A) FA  T(@.,A)FA

m
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LBI Sequent Calculus

Structural Rules

(A FA ’ T(A;A)FA
e — W e —

e Apply only to “;" not to “,"

T(C)FA AFC
T(A)F A

cut

e Cut-elimination holds in LBI

10
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Axioms

AFA T(L)FA

T S
oFT. © g T
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LBI Sequent Calculus

Axioms
Arad Torat
orm * grm R
Units
r'(2,) . I'(n) -
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LBI Sequent Calculus

Additive Logical Rules

F(A;B)kCA '-A AFB

————/\L

I'(AAB)FC 'y AHFAAB

AFA T@B)EFC 'y AFB
—L —

I'A;A—-B)FC '-A—B

rra)bCc r(B)FC ' Aic{12)
V1, VR,

P(A\/B)"C I'HA; VA,

12



LBI Sequent Calculus

Multiplicative Logical Rules

FmiﬁkC* A AFB,
——————————— *L

I'(A*B)FC ' AFAxB
AFA T@®B)FC ' A+B

—k

L ——————— R
T'(A,A—B)+C THA—B
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Definition
A formula C is a theorem of LBI iff @, F C is provable in LBI.
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LBI Sequent Calculus

Definition
A formula C is a theorem of LBI iff @, F C is provable in LBI.

LBI-Proof of (A x (A = B)) =B

*L

Ax(A=B)FB

@, Ax(A=BFB
=L,

.k (Ax(A—=B))—=B
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LBI Sequent Calculus

Definition
A formula C is a theorem of LBI iff @, F C is provable in LBI.

LBI-Proof of (A x (A = B)) =B

=L,
A A=«BFB

*L

Ax(A=B)FB

@, Ax(A=BFB
=L,

.k (Ax(A—=B))—=B
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LBI Sequent Calculus

Definition
A formula C is a theorem of LBI iff @, F C is provable in LBI.

LBI-Proof of (A x (A = B)) =B

id

AFA
A.A +BFB

*L

Ax(A=B)FB

@, Ax(A=BFB
=L,

.k (Ax(A—=B))—=B

=L,
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LBI Sequent Calculus

Definition
A formula C is a theorem of LBI iff @, F C is provable in LBI.

LBI-Proof of (A x (A = B)) =B

id id
AFA BB
L
A A=BFB
*
Ax(A—=xB)-B L_
@, Ax(A=BFB
=L,
.k (Ax(A—=B))—=B

14
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Semi Distributivity
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LBI Sequent Calculus

Semi Distributivity

L((A1,A2);(A1,4A3))FC
I'(A1,(A2;A3)) FC

Lemma
Semi-distributivity is derivable in LBI.

Definition

LBIsy = LBI + sd + contraction restricted to Tu.

Lemma

LBI without contraction of bunches is not complete !
15



Bl: an Alternative Semantics

16



Bl: an Alternative Semantics

Resource Monoid M = (M, ®,1,®,0,00,C)

e (M,®,1) and (M, ®,0) commutative monoids
e [ partial order on M where Vm,n € M
—0Cmand mC oo
- mCm®nandmdmLTm

- o0 Coco®m (and oo C 0o @ m)
e ® and @ bifunctorial (compatible) wrt. C

mCnand m' Cn' = mem' Cnen’ and me&m' C ndn’

16



Bl: an Alternative Semantics

Resource Monoid M = (M, ®,1,®,0,00,C)

e (M,®,1) and (M, ®,0) commutative monoids
e [ partial order on M where Vm,n € M
—0Cmand mC oo
- mCm®nandmdmLTm

- o0 Coco®m (and oo C 0o @ m)
e ® and @ bifunctorial (compatible) wrt. C

mCnand m' Cn' = mem' Cnen’ and me&m' C ndn’

Resource Interpretation [ —] : Prop — P(M)

eVmneM mCnandme[p] = ne|p]
e Vp. o € [p]
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Bl: an Alternative Semantics

Resource model (RM) € = (M,[-],F)

e M resource monoid, | — ] resource interpretation

e = is a forcing relation such that
m = p < me [p]
mE Ta < 0LC m (always)
mpE Tn & 1Cm
mpE L & ocolm

mEAAB & dnn eM.n®n'CmnEAandn' =B
mEAxB < dnne M.n®n'Cm,nE= A andn' =B
mEA—-B & Vn,neM.-nEAandmednCn'=n"EB
mEA—=«B & VnneM.-nEAandmenCn'=n"EB

17
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GBI - a Labelled Calculus for Bl

Labels and Constraints

e atomic labels: {«,3,7,... }{0,1}*U{m,a,w}
e labels: a(f1,¢3) or m(¢1,¢2), where £1, 5 are labels
a mimics @, m mimics ®

e label constraints: ¢ < ¢
Labelled formulas A : ¢

e with A a BI formula and ¢ a label

GBI sequents I' - A

e [ set of labels, label constraints and labelled formulas
e A set of labelled formulas
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GBI — Axioms and Units

id
A CFEA LA

Nw</iEA
— 1L 1r
rLL: /A F'w</FA: (A
''m</FA
— T, ToR
' Tn:lFA F''m</éF Tl A
Ia</FA

L Tar

[, Te:lFA T,a<(lhF To:l,A
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GBI — Implication rules

e In = and —R: £1, £ must be fresh atomic labels

Cl(g,fl) gfg,F,Alfl "BIEQ,A
'A—B:( A

—R

m(ﬂ,fl) gfg,F,Alfl FB:ZQ,A
THA *B:lA

—kR

a(ﬁ,ﬁl) <€2,F|—A:€1,A a(é,ﬁl) <€2,F,B2£2 FA
a(f,él) <€2,F,A—>B:€}—A

—L

m(ﬂ,ﬁl) <€2,F|—A:€1,A m(€7£1) <£2,F,B:£2 FA
m(f,él) <€2,F,A—*B:€}—A

=L,

20



GBI — Conjunction Rules

e In x, and Ay: f1, ¢5 must be fresh atomic labels

a(fl,fg) <£,F,A:€1,B:€2|—A
I''AAB:/FA

AL

m(ﬁhﬂg) <€,F,AZ£1,BS€2|—A
T,A+B:lFA

ERTL,

a(€17€2)<£,F}—A:€1,A a(ﬁl,ég)gé,Fl—Bzfg,A/\
R
a(€1,€2) <ULTTHEAABLA

m(ly,0) < LT HA: 0, A mly,b) <LTHB:ly, A
*R
m(fl,fg) <€,F}—A* B:f,A

21



GBI — Monotonicity, Weakening and Contraction

Q,F,A:EQI—A

<
<

{4
l

Q,F,A:éll—A

oA
Lo, I FA

'+ Ay
I'FAg, A

L

R

L

Lo, T, T FA
Io, 1 FA

L'EAp, A1, A

TF Ao ALA,

22



GBI - Structural Rules

e (in R and I; must occur in I, A or {m,a,w }

(SLTEA o l<bh<hh<LTEA

THA b < 01,61 <LTFA
() SLTHEA - a(b) <LTHA
v(f1,6) < LT HFA TFA ‘

e /in AitE{l’Q} is a fresh atomic label

t(ﬁg, 52
t(€4, L
(
(

w
—
bxd

4
647

(44, bo)
(41, £42)
,t(Lo, £3)
(41, £2)

S| SS
o

NN IN | IN
0

NSNS
w =
S~— | Y~ | ~—~

€ T

23



GBI - Structural Rules

() <LTHA

t(r,0) < LT FA

kA ‘

A

t(fo,ﬁg) S E EO 51, (61,52) < £,F FA

by < ly,t(ly,4s) <

¢(TFA

C2

o

t(ly,0o) < Ll < Lo e(ly,02) < LT EA
< Ao, e(ly, 4) <

¢TFA

e /3 ;in Pi must bein {m,w}

b < Ue(ly,4) <

(TFA

t(l1,42) <

¢TFA

2
v

1
v

T

24



GBI — Example

Definition

A formula C is a theorem of GBI iff = C: m provable in GBI

An example

—id
B:flkBifl
WL
— 01 </, B: 1B
—id Kr
A:€3|—A:£3 —,£1<€2,AZ£3,BIE1|—B:€2 9
Al FAl T m(m ) <flo,Aily, Bl FBily T
—*L
m(€3,£4)g[l,m(m,ﬂl)<€2,A:£3,A—*B:€4I—B:€2
E3TL,

m(m,ﬁl)gﬁg,A*(A—*B):ElFB:EQ
F(Ax(A—=B))—=«B:m

R
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Translating Bunches and Sequents

Given a bunch I and a letter §, induction on the structure of T’

o O(A,0)={A:6)
e 9(2,,0)={a<d} (or also 0)

e O9(2,,0)={m<J}

e
e

26



Translating Bunches and Sequents

Given a bunch I and a letter §, induction on the structure of T’

o O(A,8) = {A:5}

e O(g,,0)={a<d} (or also ()

e 9(2,,0) ={m<d}

o O((Ar;Az),8) = O(Aq,60) UO(Ag, 1) U { a(d0,61) < 6}
o O((A1,As),8) = O(A1,00) UO(As, 1) U {m(80,01) < 3}
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Given a LBl sequent ' - A
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Translating Bunches and Sequents

Given a bunch I and a letter §, induction on the structure of T’

o O(A,8) = {A:5}

e O(g,,0)={a<d} (or also ()

e 9(2,,0) ={m<d}

o O((Ar;Az),8) = O(Aq,60) UO(Ag, 1) U { a(d0,61) < 6}
o O((A1,As),8) = O(A1,00) UO(As, 1) U {m(80,01) < 3}

Notation: O(I',§) =1":§
Given a LBl sequent ' - A

O FAS = OT,0)FA:6 = T:6FA:6

26



Translating Bunches and Sequents: an Example

(@n.p)sabr
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Translating Bunches and Sequents: an Example

(@n.p)sabr

\/
\/

q:01 F r:9
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Translating Bunches and Sequents: an Example

(@n.p)sabr

D P
, 00

2 2 @)

q:61

a(00,461) <6, q:01 F r:4§
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Translating Bunches and Sequents: an Example

(@n.p)sabr

@ 2000 p: 001

N

2 2 @)

q:61

m < 600, a(00,61) <6, p:601, q:61 F r:d
27



Translating Bunches and Sequents: an Example

(@w,p);akr
@ 2000 p: 001
\gm,am)g/
, 200 q:61
\131(50751)@/
2 2 @)

m < 600, m(500,501) < 60, a(80,61) <&, p:601, q:61 F r:6
27
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From LBI-Proofs to GBI-Proofs

The Translation Theorem

Each LBI proof can be translated to a GBI proof
that follows the same rule application order.
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From LBI-Proofs to GBI-Proofs

The Translation Theorem

Each LBI proof can be translated to a GBI proof
that follows the same rule application order.

Proof.

e Induction on the height of the derivation
e Distinction on the last rule applied in LBI

e Given translations of the premises of a rule,
there is a translation such that
the translated conclusion is derivable in GBI
from the translated premises.

28



From LBI to GBI: Case *3

Dl DZ

r+A AFB

g in LBI
I AFAxB
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From LBI to GBI: Case *3

Pr P

O A, a) O(AFB,p)

g in LBI
I AFAxB
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From LBI to GBI: Case *3

Pr P

NakFA:a A:pFB:j

g in LBI
I AFAxB
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From LBI to GBI: Case *3

IF'iakFA:« A:BFB:j

g in LBI
O(,A+ A « B,6)
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From LBI to GBI: Case *3

Pr P

NakFA:a A:pFB:j

«g in LBI
NA:0FAxB:J
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From LBI to GBI: Case *3

T:akFA:« A:B+FB:g

m(00,01) < §,I': 00,A:01FA«B:J
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From LBI to GBI: Case *3

T:akFA:« A:fFB:g

< <
m(40,01) < 4, C A 80 m((SE),(Sl) <9,
I':00,A:01 I':00,A:01

FB:d1

*R in GBI
m(00,01) < §,I': 00,A:01FA«B:J

29



From LBI to GBI: Case *3

Py P
T:akFA:« A:fFB:g
T':60F A:60 A:01FB:61
<
m(40,01) < 4, C A 80 m(59,(51)\(5, LB sl
I':00,A:01 I':00,A:01
*RIHGBI

m(00,01) < §,I': 00,A:01FA«B:J

29



From LBI to GBI: Case *3

Dl[a<—>50} 'Dg[ﬁ‘—)(h]
I':aFA:«a A:FB:g
I':60FA:60 A:01FB:dl
< <
m(40,01) \~5, LA 80 m(90,01) < 4, LBl
I':00,A:01 I':00,A:01
xr in GBI

m(0,01) <6, :60,A: 1A xB:§
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From LBI to GBI: Case *3

Dy 8] Dy[ B — 01 ]

T':00F A:60 A:01FB:d1

< <
m(40,01) < d, LA 80 m(90,01) < 4,
I':00,A:01 I':00,A:01

FB:d1

xr in GBI
m(0,01) <6, :60,A: 1A xB:§

29



From LBI to GBI: Case @,1 (Shallow)
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From LBI to GBI: Case &,1 (Shallow)

Suppose we have a proof

AFA

S B
2., AFA ol
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From LBI to GBI: Case &,1 (Shallow)

Suppose we have a proof

D
AFA
n,AFA

UnT

By I.H., for some letter «, we have a proof

P
A:aFA:a
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From LBI to GBI: Case &,1 (Shallow)

By I.H., for some letter a, we have a proof

-
A:akFA:«

We then construct the following proof

Plo— 01]
A:01FA:6
WL
51<6,—m<00,A:0lFA:6l
Kr

51<5, ,m < I00,A:01FA:S

m(m,d01) <0,—,m < I0,A: 51 FA:§
m(m, d1) < m(d0, 61),m(60 01) < 5,m<50,A:51|—A:5T

m(00,01) < 6,m < 60,A:01FA:§

m

31



From GBI-Proofs to LBI-proofs




Translation Patterns
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Translation Patterns

One to Many

Ly, (Shallow)
1y, (Deep)
W (Shallow)
W (Deep)

C

U1 (Shallow)
UeT (Deep)
Uel

¢ ¢ ¢

1y Ir

1L (G Py)T LR
P}1 Kr W

Pl ¢ Wi

(Cp 1) or Cp

Cl! P2 Kgr Wr
C; P C, W
(R U}Y) or ZL

32



Translation Patterns

One to Many
1y, (Shallow) ~ 1p Ly
Lr, (Deep)  ~ Lp(C} PP)T Lg
W (Shallow) ~ Pl Ky Wi
W (Deep)  ~ Pl Cl Wy
C ~ (Cp 1) or Cp
Ut (Shallow) ~ C! P2 Kgr Wr
Uit (Deep)  ~ Cp PYCp Wy
Ul ~ (R U} or ZL
One to One

R ~ RW¢ ifRE{—*L,—ﬁ,,*R,/\R}
R ~ R otherwise

32



Properties of LBl to GBI Translation
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Properties of LBl to GBI Translation

All logical rules are one to one

Labelled formulas in patterns have atomic labels

Label m has no predecessors but label a

Labelled sequents in patterns have single formula in the RHS
e Expansion rules act on labels “related” to the label of the RHS
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Properties of LBl to GBI Translation

All logical rules are one to one

Labelled formulas in patterns have atomic labels

Label m has no predecessors but label a

Labelled sequents in patterns have single formula in the RHS
e Expansion rules act on labels “related” to the label of the RHS

Restricted use of GBI rules
e “Safe” weakenings
e “Tree-like” contractions
I(a(as0,0s1) < @s,0: as0,0 :asl) :a b A«
'O:as):akFA:«

Cr

with s € {0,1 }*

33



Subterm and Reduction Relations

Let I' - A be sequent with label letters in a set L.

Forve {am}
e I induces a subterm relation — = (—4 U —>p)

€1€L

by —¢ Uy iff
0 L { 352(‘((51,62) < £0 el or t(fz,gl) < ﬁo E F)

e I' induces a reduction relation ~

£1<€0€P

by € L

tbe LU{m,a,w}
b # Lo

g() I 61 iff

34



Reducibility and Normal Forms

Let I' - A be labelled sequent.
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e A redex {5~ £1 is minimal if /1 is irreducible
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Reducibility and Normal Forms

Let I' - A be labelled sequent.

e A label £y is irreducible in I' if I has no redex £y~ f1

e A redex {5~ £1 is minimal if /1 is irreducible

A reduction of ¢y to ¢,, in ' is
a path g~ 0y ...~ 0,
such that
forall0<i<n, i~ L1 inT

A reduction of ¢y to ¢, is minimal if ¢,, is irreducible

If all minimal reductions of ¢y terminate with the same
irreducible label ¢, then ¢,, is the normal form of ¢, (in ')

85



Reachability

Let I' - A be labelled sequent.
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36



Reachability

Let I' - A be labelled sequent.

e A label /' is reachable from a label ¢ in T, written ¢ > ¢, if

o /=/ or

e there is a path P from £ to ¢’ with no redex pointing outside P
i.e., Pis a sequence £y — {1 ...— £, such that o =/, £, =
and for all 0 < i < n and all ¢/ such that ¢, ~ ¢, 0" ¢ P

36



Reachability

Let I' - A be labelled sequent.

e A label /' is reachable from a label ¢ in T, written ¢ > ¢, if

o /=/ or

e there is a path P from £ to ¢’ with no redex pointing outside P
i.e., Pis a sequence £y — {1 ...— £, such that o =/, £, =
and for all 0 < i < n and all ¢/ such that ¢, ~ ¢, 0" ¢ P

o If A:/cT then A is an f-leaf in I".

36



Reachability

Let I' - A be labelled sequent.

e A label /' is reachable from a label ¢ in T, written ¢ > ¢, if

o /=/ or

e there is a path P from £ to ¢’ with no redex pointing outside P
i.e., Pis a sequence £y — {1 ...— £, such that o =/, £, =
and for all 0 < i < n and all ¢/ such that ¢, ~ ¢, 0" ¢ P

o If A:/cT then A is an f-leaf in I".

o A label constraint /5 < /¢ is reachable from ¢y in I if

36



Reachability

Let I' - A be labelled sequent.

e A label /' is reachable from a label ¢ in T, written ¢ > ¢, if

o /=/ or

e there is a path P from £ to ¢’ with no redex pointing outside P
i.e., Pis a sequence £y — {1 ...— £, such that o =/, £, =
and for all 0 < i < n and all ¢/ such that ¢, ~ ¢, 0" ¢ P

o If A:/cT then A is an f-leaf in I".

o A label constraint /5 < /¢ is reachable from ¢y in I if
e (1 is reachable from ¢, and

e no formula A and no irreducible ¢’ on the path from ¢; to ¢,
such that A: ¢ €T

36



Tree Property

A labelled sequent I' = A has the tree property if
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Tree Property

A labelled sequent I' = A has the tree property if

A={A:l}, A:/root formula, ¢ root label
forall A: 4y € TUA, ¢y is a label letter
for all /1 < 4y €T,
Ly is a label letter and if so is ¢1 then £y — /1
for all v(¢1,02) < ¢y € T', £1 and {5 are atomic
if £> £y and ¢ is reducible
then ¢y has a normal form and I' has no ¢y-leaf
if £> ¢y and ¢y is irreducible, I' has exactly one ¢y-leaf
the set { {1 — ly | £> £y } is a tree with root / in which all
internal nodes have exactly two children of the same t type.

37



Tree Property

A labelled sequent I' = A has the tree property if

A={A:l}, A:/root formula, ¢ root label
forall A: 4y € TUA, ¢y is a label letter
for all /1 < 4y €T,
Ly is a label letter and if so is ¢1 then £y — /1
for all v(¢1,02) < ¢y € T', £1 and {5 are atomic
if £> £y and ¢ is reducible
then ¢y has a normal form and I' has no ¢y-leaf
if £> ¢y and ¢y is irreducible, I' has exactly one ¢y-leaf
the set { {1 — ly | £> £y } is a tree with root / in which all
internal nodes have exactly two children of the same t type.

A GBl-proof has the tree property iff all of its sequents have it.

37



Translation GBI Sequents

38



Translation GBI Sequents

Given a finite set B of bunches

38



Translation GBI Sequents

Given a finite set B of bunches

e B4(B) = @, if B is empty
e By(B) =By ; ... ;B, with B; € B otherwise

Similarly for By (B) w.r.t. &, and “,"
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Translation GBI Sequents

Given a finite set B of bunches

e B4(B) = @, if B is empty
e By(B) =By ; ... ;B, with B; € B otherwise

Similarly for By (B) w.r.t. &, and ","
Given I' = A : £ in a normal GBI-proof, B(I' - A:¢) =T@Q/+ A

e '@Gm =g, 'Qa =@, 'Qw = L
o @/ =TQ¢ if for some ¢/, {~ ¢ inT
eletL={A;|A;:¢e€T}and S, ={4 |- ¢;inT}
B,(L) if L#g
I'al =4 By(Sq) if L=9,Sn=9,5.#92
Bun(Sw) if L=0,Sn #3,S,=9
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Translating GBI-proofs

Let D be a GBI-derivation with the tree property.
e Translate all GBI inference rule instances

Py ... Py R
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Let D be a GBI-derivation with the tree property.
e Translate all GBI inference rule instances

Py ... Py
C

R

into LBI inference rule instances
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where ®B(R) is “=" when R has no LBI counterpart
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Translating GBI-proofs

Let D be a GBI-derivation with the tree property.
e Translate all GBI inference rule instances

Py ... Py
C

R

into LBI inference rule instances

BP1) ... B(P,)

where ®B(R) is “=" when R has no LBI counterpart

e Clean up (prune) the proof to remove stuttering

39



Translation Algorithm: an Example

Apply translation algorithm top-down

P

A:olk A6l -
$1<5—m<o0.A:SIFA:SL
51<5, m<O0,A:61FA:6

m

m(m,d1l) <0,—,m < J0,A: 61 A:J

T
<Io,m < 00,A:01FA:S o
<00,A:01FA:S "
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Translation Algorithm: an Example

Apply translation algorithm top-down

D

AF A W
$1<5—m<o0.A:SIFA:SL
01<0,— m<o0,A:01FA:6

m

m(m,d1l) <0,—,m < J0,A: 61 A:J

T
<Io,m < 00,A:01FA:S o
<00,A:01FA:S "

40



Translation Algorithm: an Example

Apply translation algorithm top-down

D
AFA
AFA
Kgr
01 <6, —,m<I0,A:01FA:) .
m(m,81) <5, —,m<50,A:61+A:6 "
T
m(m, 1) < 0,m(00,01) < J,m < 00,A:01FA:) -
m(30,61) < 6, m < 60,A:51FA:§ "

W

40



Translation Algorithm: an Example

Apply translation algorithm top-down

D

>
T
>

B>
T
>

=

AFA )
P
m<0,A:01FA:6 "
T
<00,A:01FA:§
Ch
0,A:51FA:6

m(m,d1) <0, —
m(m, d1) < 9, m(00,61)
m(00,61) < J,m

VASINV/AN
> | &
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Translation Algorithm: an Example

Apply translation algorithm top-down

D
AFA

AFA

AFA

Pn, AFA
m(m, 1) < 0,m(00,01) < J,m < 00,A:01FA:H N

=

Un?

Cl
m(50,61) < 6, m < 60,A:51FA:§ "
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Translation Algorithm: an Example

Apply translation algorithm top-down

D
AFA
AFA
AFA

2. AFA _"‘T

n,AFA a
m(00,61) <6, m < 60,A:61FA:6

W

40



Translation Algorithm: an Example

Apply translation algorithm top-down

D
AL A
AFA
AFA
2., AFA il
P, AFA
g, AFA

A\
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Translation Algorithm: an Example

Remove stuttering

D
AF A
AFA
Zu, AFA
2., AFA

2., AFA

o, AFA

W
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Translation Algorithm: an Example

Remove stuttering

AF A

AFA
Zu, AFA
2., AFA
o, AFA
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Translation Algorithm: an Example

Remove stuttering

Ak A

AFA
@n,AFA
o, AFA
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Translation Algorithm: an Example

Remove stuttering

Ak A
AFA
., AFA
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Translation Algorithm: an Example

Remove stuttering

_AFA
g, AFA
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Conclusion and Future Work

Conclusion

e An alternative semantics for BI

e GBI labelled sequent calculus

e Translation from LBI to GBI

e Translation from GBI with tree property to LBI

Future Work

e Normalization of multi-conclusioned GBI
e Effective procedure translating TBI-proofs into GBI-proofs
e Completeness of KRM wrt LBI
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